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ASYMPTOTIC DEPTH OF EXT MODULES OVER COMPLETE
INTERSECTION RINGS
PROVANJAN MALLICK AND TONY J. PUTHENPURAKAL
Abstract. Let (A,m) be a local complete intersection ring and let I be an
ideal in A. Let M,N be finitely generated A-modules. Then for l = 0, 1, the
values depth Ext2i+l
A
(M,N/InN) become independent of i, n for i, n ≫ 0.
We also show that if p is a prime ideal in A then the jth Bass numbers
µj
(
p,Ext2i+l
A
(M,N/InN)
)
has polynomial growth in (n, i) with rational coef-
ficients for all sufficiently large (n, i).
1. Introduction
Let A be a Noetherian ring and let I be an ideal in A. Let M be a finitely
generated A-module. By a result of Brodmann [B79-1] the set AssA(M/I
nM) and
the set AssA(I
nM/In+1M) are eventually stable. Later [B79-2] he showed that if J
is an ideal in A then grade(J,M/InM) and grade(J, InM/In+1M) are eventually
constant. Recently in a far-reaching generalization T. Se [Se17] showed that if F
is a coherent covariant A-linear functor from the category of finitely A-modules to
itself the sets F (M/InM), F (InM/In+1M) and the values grade(J, F (M/InM))
and grade(J, F (InM/In+1M)) become independent of n for large n. We note that
if N is a finitely generated A-module then the functors TorAi (N,−) and Ext
i
A(N,−)
are coherent for all i ≥ 0, cf. [Se17].
For the rest of the introduction let us assume that (A,m) is a local complete
intersection. In [Put13] the second author proved that if N =
⊕
i≥0Nn is any
finitely generated module over A[It], the Rees-algebra of I, then for l = 0, 1 the sets
AssA
(
Ext2i+lA (M,Nn)
)
are stable for large i, n. We note two significant cases are
when N =
⊕
n≥0 I
nN and when N =
⊕
n≥0 I
nN/In+1N for a finitely generated
A-module N . Later the second author (with D. Ghosh) [GP] proved that if N is a
finitely generated A-module then for l = 0, 1 the sets AssA
(
Ext2i+lA (M,N/I
nN)
)
are stable for large i, n. In view of earlier results a natural question is that if J is
an ideal in A then, for l = 0, 1, are the values
(1) grade
(
J,Ext2i+lA (M,Nn)
)
where N =
⊕
n≥0Nn is a finitely generated
module over A[It]
(2) grade
(
J,Ext2i+lA (M,N/I
nN)
)
where N is a finitely generated A-module
independent of i, n for i, n ≫ 0. The first question has an affirmative answer (see
Corollary 3.3). For the second question we prove
Theorem 1.1. Let (A,m) be a local complete intersection ring and let I be an
ideal in A. Let M,N be finitely generated A-modules. Then for l = 0, 1 the values
depth
(
Ext2i+lA (M,N/I
nN)
)
become independent of i, n for i, n≫ 0.
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Our techniques do not work for arbitrary ideals of A.
Finally we may enquire about growth of Bass numbers of Ext2i+lA (M,N/I
nN) as
i, n vary. If p is a prime ideal in A and E is an A-module then let µj(p, E) denote
the jth Bass number of E with respect to p. We prove
Theorem 1.2. Let (A,m) be a local complete intersection ring and let I be an
ideal in A. For any prime ideal p of A and for every fixed l = 0, 1 we have
µj
(
p,Ext2i+lA (M,N/I
nN)
)
has polynomial growth in (n, i) with rational coefficients
for all sufficiently large (n, i).
Remark 1.3. We note that Theorem 1.1 does not follow from Theorem 1.2 as⊕
i,n Ext
i
A(M,N/I
nN) is not finitely generated over some bigraded ring.
We now describe in brief the contents of this article. In section two we show that
the modules under consideration have a natural structure of a bigraded module over
an appropriate bigraded ring. In section three we prove some preliminary results.
In section four we prove our main result Theorem 1.1. Finally in section five we
prove Theorem 1.2.
2. Module Structure
In this section we give the module structures which we are going to use in order
to prove our main results.
Let Q be a commutative Noetherian ring and f = f1, . . . , fc a Q-regular se-
quence. Set A = Q/(f). Let M and D be two A-modules, where M is a finitely
generated A-module. We assume projdimQ(M) < ∞. We will not change M
throughout our discussion.
2.1. Let F : · · · −→ Fn −→ · · · −→ F1 −→ F0 −→ 0 be a projective resolution of
M by finitely generated free A-modules. Let tj : F(+2) −→ F, 1 ≤ j ≤ c be the
Eisenbud operators defined by f = f1, . . . , fc (see[[Eis80], section 1]). By [[Eis80],
1.4] the maps tj are determined unique upto homotopy . In particular, they induce
well defined maps
tj : Ext
i
A(M,D) −→ Ext
i+2
A (M,D) for all i and 1 ≤ j ≤ c.
The maps tj(j = 1, . . . , c) commutes upto homotopy. Thus
Ext∗A(M,D) =
⊕
i≥0
ExtiA(M,D)
turns into a graded T := A[t1, . . . , tc]-module, where T is a graded polynomial ring
over A in the homology operators tj defined by f with degree of each tj is 2. Fur-
thermore the structure depends only on f , are natural in both module arguments
and commute with the connecting maps induced by short exact sequences.
Note 2.2.
(
Ext∗A(M,D)
)
even
=
⊕
i≥0 Ext
2i
A (M,D) and
(
Ext∗A(M,D)
)
odd
=⊕
i≥0 Ext
2i+1
A (M,D) are graded T := A[t1, . . . , tc]-submodule of Ext
∗
A(M,D). So
when we are considering
(
Ext∗A(M,D)
)
even
or
(
Ext∗A(M,D)
)
odd
as T-module we
can think it as T∗-module, where T∗ is same as T but the degree of each tj in T
∗
is 1. Furthermore as T∗-module deg
(
Ext2i+tA (M,D)
)
= i for t = 0, 1.
2.3. If projdimQ(M) finite and D is finitely generated A-module, then Gullik-
sen [[Gul74],3.1] proved that Ext∗A(M,D) is finitely generated T := A[t1, . . . , tc]-
module.
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Note 2.4. In that case we will have
(
ExtiA(M,D)
)
even
and
(
ExtiA(M,D)
)
odd
are
finitely generated T∗ := A[t1, . . . , tc]-modules.
Set-up 2.5. Let Q be a Noetherian ring of finite Krull dimension, and let f =
f1, . . . , fc a Q-regular sequence. Set A = Q/(f).
2.6. Along with Set-up 2.5, let F be a projective resolution of M by finitely gener-
ated free A-modules and let tj : F(+2) −→ F, 1 ≤ j ≤ c be the Eisenbud operators
as in 2.1. Let I be an ideal of A. Set R(I) :=
⊕
n≥0 I
ntn, the Rees ring of A
with respect to I. Let N =
⊕
n≥0Nn be a R(I)-module. Let a ∈ I
s. Consider
u = ats ∈ R(I)s. The map
Nn
u
−→ Nn+s
yields a commutative diagram
Hom(F, Nn)
u

tj
// Hom(F, Nn)(+2)
u

Hom(F, Nn+s)
tj
// Hom(F, Nn+s)(+2).
Taking homology gives that E(N ) :=
⊕
i≥0
⊕
n≥0 Ext
i
A(M,Nn) is a bigraded
T = R(I)[t1, . . . , tc]-module, where degree of tj is (0, 2) for 1 ≤ j ≤ c and degree
of utn is (n, 0) for u ∈ In and n ∈ Z. Now let us recall the following result from
[[Put13], 1.1].
Theorem 2.7. Along with Set-up 2.5, suppose M be a finitely generated A-module
with projdimQ(M) <∞. Let I be an ideal of A, and let N =
⊕
n≥0Nn be a finitely
generated R(I)-module. Then
E(N ) :=
⊕
i≥0
⊕
n≥0
ExtiA(M,Nn)
is a finitely generated bigraded T = R(I)[t1, . . . , tc]-module.
Note 2.8.
(
E(N )
)
even
=
⊕
i≥0
⊕
n≥0 Ext
2i
A (M,Nn) and
(
E(N )
)
odd
=⊕
i≥0
⊕
n≥0 Ext
2i+1
A (M,Nn) are finitely generated bigraded T
∗ = R(I)[t1, . . . , tc]-
module, where T ∗ is same as T but the degree of each tj in T ∗ is (0, 1).
3. Some Preliminary results
3.1. Throughout this section we are assuming T,T∗ as in Note 2.2 and T , T ∗ as
in Note 2.8. Let I be an ideal of A. Set R(I) :=
⊕
n≥0 I
ntn, the Rees ring of A
with respect to I.
Theorem 3.2. Along with Set-up 2.5, suppose M be a finitely generated A-module
with projdimQ(M) < ∞. Let N =
⊕
n≥0Nn be a finitely generated R(I)-module.
Let J be an ideal of A. Then we have grade
(
J,Ext2i+tA (M,Nn)
)
is constant for
every fixed t = 0, 1 and for all n, i≫ 0.
Proof. We prove the Theorem for t = 0 only. For t = 1 the proof is similer.
It is well known that for fixed n, i
grade
(
J,Ext2iA (M,Nn)
)
= min{l : ExtlA
(
A/J,Ext2iA (M,Nn)
)
6= 0}.
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Set E =
⊕
i≥0
⊕
n≥0 Ext
i
A(M,Nn) and fix l. By virtue of 2.7 E is finitely generated
bigraded T = R(I)[t1, . . . , tc]-module. So for fixed l we have Ext
l
A(A/J, E) is
finitely generated bigraded T -module. Hence by [[West], Proposition 5.1], there
exist (nl, il) ∈ N20 such that
AssA
(
ExtlA(A/J, E(n,2i))
)
= AssA
(
ExtlA(A/J, E(nl,2il))
)
for all (n, i) ≥ (nl, il),
where N0 denotes the set of non-negative integers. For each fixed (n, i) ∈ N20 and
for each u ≥ 0 set
Du(n,2i) := Ext
u
A
(
A/J, E(n,2i))
)
.
Hence we have for each fixed u there exist (nu, iu) ∈ N20 such that
(3.2.1)
either Du(n,2i) = 0 for all (n, i) ≥ (nu, iu) or D
u
(n,2i) 6= 0 for all (n, i) ≥ (nu, iu).
Let (α, β) be the maximimum of such (nu, iu) for 0 ≤ u ≤ dim(A). Let γ =
min{l|Dl(α,β) 6= 0}. Hence we have grade
(
J,Ext2iA (M,Nn)
)
= γ for all (n, i) ≥
(α, β). 
Corollary 3.3. Let (A,m) be a local complete intersection ring. Let M be a finitely
generated A-module, let J be an ideal of A. Let N =
⊕
n≥0Nn be a finitely gener-
ated graded R(I)-module. Then for fixed t = 0, 1 we have grade
(
J,Ext2i+tA (M,Nn)
)
is constant for all n, i≫ 0.
Proof. It is well known that for a finitely generated A-module E and for a ideal J
of A
(3.3.1) grade(J,E) = grade(Jˆ , Eˆ),
where Jˆ and Eˆ are completion of J and E respectively. Since Aˆ is flat over A we
have for each fixed n, i ≥ 0 and for each fixed t = 0, 1
̂Ext2i+tA (M,Nn) = Ext
2i+t
Aˆ
(Mˆ, Nˆn).
So we may assume A is complete. So there exist a regular local ring Q with A =
Q/(f) and f = f1, . . . , fc is aQ-regular sequence. Also we will have projdimQ(M) <
∞, sinceM is a finitely generatedA-module and so asQ-module. Now the Corollary
follows from Theorem 3.2. 
We will need the next result in the following section.
Lemma 3.4. Along with Set-up 2.5, further assume Q is a local ring with residue
field k. Let M be a finitely generated A-module with projdimQ(M) < ∞. Let
St =
⊕
i≥0(St)i = Ext
l
A
(
k,
⊕
i≥0 Ext
2i+t
A (M,N/I
nN)
)
, where n and l are two
fixed integers. Then for fixed t = 0, 1 there exist u ∈ N such that AssA
(
(St)j
)
=
AssA
(
(St)u
)
for all j ≥ u. Furthermore for fixed t = 0, 1 either AssA((St)j) = m
for all j ≥ u or empty for all j ≥ u. Here m is the unique maximal ideal of A.
Proof. We prove the Lemma for t = 0 only. For t = 1 the proof is similer.
By 2.3 we have
⊕
i≥0 Ext
2i
A (M,N/I
nN) is finitely generated graded T∗ :=
A[t1, . . . , tc]-module. Hence S0 =
⊕
i≥0(S0)i = Ext
l
A
(
k,
⊕
i≥0 Ext
2i
A (M,N/I
nN)
)
is finitely generated graded T∗-module. So each (S0)i is finitely generated A-
module. Hence there exist u ∈ N such that AssA
(
(S0)j
)
= AssA
(
(S0)u
)
for all
j ≥ u.
Since for each i ≥ 0, (S0)i is annhilated by m, we are done. 
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4. Proof of Theorem 1.1
4.1. We begin by establishing the notation for N20-graded algebras, where N0 de-
notes the set of non-negative integers. A ring R is called a N20-graded algebra
if R =
⊕
i,j≥0 R(i,j) where each R(i,j) is an additive subgroup of R such that
R(i,j) · R(l,m) ⊆ R(i+l,j+m) for all (i, j), (l,m) ∈ N
2
0. We say that R is a standard
Noetherian N20-graded algebra if A = R(0,0) is Noetherian and R is finitely gener-
ated as an A algebra by elements of degree (1, 0) and (0, 1), i.e., it is generated in
total degree one. Let n = (n1, n2) and m = (m1,m2), where n,m ∈ N20. We say
n ≥ m if ni ≥ mi for all i = 1, 2. We will write R++ for the ideal consisting of
all sums of homogeneous elements xn ∈ Rn such that ni ≥ 1, for all i = 1, 2. In
other words, R++ denotes the ideal of R generated by R(1,1). An R-module M is
called bigraded if M =
⊕
r,s∈ZM(r,s), where M(r,s) are additive subgroups of M
satisfying R(r,s) ·M(l,m) ⊆M(r+l,s+m) for all (r, s) ∈ N
2
0 and l,m ∈ Z.
Let us recall the following well known Theorem :
Theorem 4.2. Let R =
⊕
i,j≥0 R(i,j) be a finitely generated standard N
2
0-graded
algebra over a Noetherian local ring R(0,0) = (A,m). Let M be a finitely generated
bigraded R-module. Then HiR++(M)(r,s) = 0 for all r, s≫ 0 and i ≥ 0.
Proof. See [ [Jkv02], Theorem 2.3]. 
Let us also recall the following result from[[Tk],Theorem 4.4], which we will use
to prove our next Theorem.
Theorem 4.3. Let R denotes a Noetherian standard N20 graded A-algebra. Let
M =
⊕
i,j≥0M(i,j) be a (not necessarily finitely generated) bigraded R-module. Set
L := H0R++(M). Assume AssA(M) is finite. Consider the following statements:
(1) There exist l ∈ N20 such that AssA(Ln) = AssA(Ll) for all n ∈ N
2
0 with
n ≥ l.
(2) There exist h ∈ N20 such that AssA(Mn) = AssA(Mh) for all n ∈ N
2
0 with
n ≥ h.
Then (1) =⇒ (2).
We note that we do not know whether (1) =⇒ (2) if AssA(M) is not a priori
known to be finite.
Theorem 4.4. Along with Set-up 2.5 further assume Q is a local ring with residue
field k. Let M and N be two finitely generated A-module with projdimQ(M) <∞,
let I be an ideal of A. Then for fixed l and for every fixed t = 0, 1 we have that :
either ExtlA(k,Ext
2i+t
A (M,N/I
nN)) = 0 for all n, i≫ 0
or ExtlA(k,Ext
2i+t
A (M,N/I
nN)) 6= 0 for all n, i≫ 0.
Proof. We prove the Theorem for t = 0 only. For t = 1 the proof is similer.
For each n ≥ 0, consider the exact sequence
0→ InN/In+1N → N/In+1N → N/InN → 0,
which induces an exact sequence of A-modules(for each i):
Ext2iA (M, I
nN/In+1N) −→ Ext2iA (M,N/I
n+1N) −→ Ext2iA (M,N/I
nN)
−→ Ext2i+1A (M, I
nN/In+1N).
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Taking direct sum over n, i and using the naturality of the Eisenbud operators tj ,
we have an exact sequence:⊕
n,i≥0
Ext2iA (M, I
nN/In+1N)→
⊕
n,i≥0
Ext2iA (M,N/I
n+1N))→
⊕
n,i≥0
Ext2iA (M,N/I
nN)→
⊕
n,i≥0
Ext2i+1A (M, I
nN/In+1N)
of bigraded T ∗-modules.
W =
⊕
n,i≥0
Wn,i =
⊕
n,i≥0
Ext2iA (M, I
nN/In+1N);
V =
⊕
n,i≥0
Vn,i =
⊕
n,i≥0
Ext2iA (M,N/I
nN);
Set U ′ =
⊕
n,i≥0
U ′n,i =
⊕
n,i≥0
Ext2i+1A (M, I
nN/In+1N).
So we have an exact sequence W → V (1, 0) → V → U ′. Now setting X =
Image
(
W → V(1, 0)
)
; Y = Image
(
V(1, 0) → V
)
; Z = Image(V → U′), we ob-
tain the short exact sequences:
(4.4.1) 0 −→ X −→ V (1, 0) −→ Y −→ 0.
(4.4.2) 0 −→ Y −→ V −→ Z −→ 0.
Applying HomA(k,−) on 4.4.1 and 4.4.2, we get the following exact sequences:
(4.4.3) 0 −→ C1 −→ Ext
l
A(k, V (1, 0)) −→ Ext
l
A(k, Y ) −→ C2 −→ 0.
(4.4.4) 0 −→ C3 −→ Ext
l
A(k, Y ) −→ Ext
l
A(k, V ) −→ C4 −→ 0.
We set C1 =Image(Ext
l
A(k,X) → Ext
l
A(k, V (1, 0))), C2 =Image(Ext
l
A(k, Y ) →
Extl+1A (k,X)), C3 =Image(Ext
l−1
A (k, Z)→ Ext
l
A(k, Y )), C4 =Image(Ext
l
A(k, V )→
ExtlA(k, Z)). By virtue of 2.7 U
′ and W are finitely generated bigraded T ∗-module
( by Note 2.8 ), and hence X and Z are so. This implies that ExtlA(k,X)),
Extl+1A (k,X)), Ext
l−1
A (k, Z)) and Ext
l
A(k, Z)) are finitely generated bigraded T
∗-
module, and hence C1, C2, C3 and C4 are so. Set
D1 = Image
(
ExtlA(k, V (1, 0))→ Ext
l
A(k, Y )
)
;
D2 = Image
(
ExtlA(k, Y )→ Ext
l
A(k, V )
)
.
Now let us break each of the exact sequence 4.4.3 and 4.4.4 in two parts.
(4.4.5) 0 −→ C1 −→ Ext
l
A(k, V (1, 0)) −→ D1 −→ 0.
(4.4.6) 0 −→ D1 −→ Ext
l
A(k, Y ) −→ C2 −→ 0.
(4.4.7) 0 −→ C3 −→ Ext
l
A(k, Y ) −→ D2 −→ 0.
(4.4.8) 0 −→ D2 −→ Ext
l
A(k, V ) −→ C4 −→ 0.
Let T++ be the ideal of T ∗ consisting of all sums of homogeneous elements
xn ∈ T
∗
n such that ni ≥ 1, for i = 1, 2. Now considering the corresponding long
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eaxct sequence in local cohomology of 4.4.5, 4.4.6, 4.4.7, 4.4.8 and by Theorem 4.2
there exist (n0, i0) ∈ N20 such that
(4.4.9) H0T++(Ext
l
A(k, V ))n+1,i
∼= H0T++(Ext
l
A(k, V ))n,i for all (n, i) ≥ (n0, i0).
Set L = H0T++(Ext
l
A(k, V )). Now using Lemma 3.4 on L(n,i) for fixed n ≥ 0 and
then by 4.4.9 there exist (nα, iα) ∈ N
2
0 such that
AssA(Ln,i) = AssA(Lnα,iα) for all (n, i) ∈ N
2
0 with (n, i) ≥ (nα, iα).
Since AssA
(
ExtlA(k, V )
)
is either m or empty, by virtue of 4.3 there exist
(n′, i′) ∈ N20 such that
AssA
(
ExtlA(k, V )(n,i)
)
= AssA
(
ExtlA(k, V )(n′,i′)
)
for all (n, i) ≥ (n′, i′).
Now the result follows from a well-known fact: for an A-module M, AssA(M) is
non empty if and only if M 6= 0. Hence we are done . 
We now give proof of our main result. We restate it for the convenience of the
reader.
Theorem 4.5. Let (A,m) be a local complete intersection ring. Let M and N be
two finitely generated A-module, let I be an ideal of A. Then for fixed t = 0, 1 we
have
depth
(
Ext2i+tA (M,N/I
nN)
)
is constant for all n, i≫ 0.
Proof. It is well known that for a finitely generated A-module E,
(4.5.1) depthA (E) = depthAˆ(Eˆ),
where Aˆ and Eˆ are completion of A and E respectively. Since Aˆ is flat over A we
have for each fixed n, i ≥ 0 and for each fixed t = 0, 1
̂Ext2i+tA (M,N/I
nN) = Ext2i+t
Aˆ
(Mˆ, N̂/InN).
So we may assume A is complete. So there exist a regular local ring Q with A =
Q/(f) and f = f1, . . . , fc is aQ-regular sequence. Also we will have projdimQ(M) <
∞, since M is a finitely generated A-module and so as Q-module. We prove the
Theorem for t = 0 only. For t = 1 the proof is similer.
It is well known that for fixed n, i
depth
(
Ext2iA (M,N/I
nN)
)
= min{l : ExtlA
(
k,Ext2iA (M,N/I
nN)
)
6= 0}.
For each fixed (n, i) ∈ N20 and for each l ≥ 0 set
El(n,i) := Ext
l
A
(
k,Ext2iA (M,N/I
nN)
)
.
By Theorem 4.4 for each fixed l there exist some (nl, il) ∈ N20 such that
either El(n,i) = 0 for all (n, i) ≥ (nl, il) or E
l
(n,i) 6= 0 for all (n, i) ≥ (nl, il).
Let (nˆ, iˆ) be the maximimum of such (nj , ij) for 0 ≤ j ≤ dim(A). Let η =
min{l|El
(nˆ,ˆi)
6= 0}. Hence we have depth
(
Ext2iA (M,N/I
nN)
)
= η for all (n, i) ≥
(nˆ, iˆ). 
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5. Polynomial growth of Bass numbers
5.1. Let R be a Noetherian ring. Let M be a finitely generated R-module. For
any prime ideal p of R, the j-th Bass numbers of M with respect to p is the k(p)-
dimension of ExtjRp
(
k(p),Mp
)
, denoted by µj(p,M), where k(p) is residue field
of Ap. Throughout this section we are assuming Set-up 2.5. Let M and N be
two finitely generated A-module with projdimQ(M) < ∞, let I be an ideal of A.
Set T as in Note 2.2 and T as in Note 2.8. Here we analyze the Bass number
of Ext2i+tA (M,N/I
nN) for fixed t = 0, 1. We have proved here for any prime p
of A and for fixed t = 0, 1 the numbers µj
(
p,Ext2i+tA (M,N/I
nN)
)
are given by
polynomial in (n, i) with rational coefficients for all sufficiently large (n, i).
Theorem 5.2. Along with hypothesis as in 5.1 further assume Q is a local ring
with residue field k. Then for a fixed integer l and for every fixed t = 0, 1 we have
λA
(
ExtlA
(
k,Ext2i+tA (M,N/I
nN)
))
are given by polynomial in (n, i) with rational coefficients for all sufficiently large
(n, i).
Proof. For each n ≥ 0, consider the exact sequence
0→ InN → N → N/InN → 0,
which induces an exact sequence of A-modules(for each i):
ExtiA(M, I
nN) −→ ExtiA(M,N) −→ Ext
i
A(M,N/I
nN) −→ Exti+1A (M, I
nN).
Taking direct sum over n, i and using the naturality of the Eisenbud operators tj ,
we have an exact sequence:⊕
n,i≥0
ExtiA(M, I
nN) −→
⊕
n,i≥0
ExtiA(M,N) −→
⊕
n,i≥0
ExtiA(M,N/I
nN)
−→
⊕
n,i≥0
Exti+1A (M, I
nN)
of bigraded T -modules.
Set U =
⊕
n,i≥0
Un,i =
⊕
n,i≥0
ExtiA(M, I
nN); B =
⊕
n,i≥0
Bn,i =
⊕
n,i≥0
ExtiA(M,N); and
V =
⊕
n,i≥0
Vn,i =
⊕
n,i≥0
ExtiA(M,N/I
nN).
So we have an exact sequence U −→ B −→ V −→ U(0, 1). Now setting X =
Image(U −→ B), Y = Image(B −→ V ) and Z = Image(V −→ U(0, 1)), we obtain
the short exact sequences:
(5.2.1) 0 −→ X −→ B −→ Y −→ 0.
(5.2.2) 0 −→ Y −→ V −→ Z −→ 0.
Applying HomA(k,−) on 5.2.1 and 5.2.2, we get the following exact sequences:
(5.2.3) 0 −→ C1 −→ Ext
l
A(k,B) −→ Ext
l
A(k, Y ) −→ C2 −→ 0,
(5.2.4) 0 −→ C3 −→ Ext
l
A(k, Y ) −→ Ext
l
A(k, V ) −→ C4 −→ 0,
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where we set C1 =Image(Ext
l
A(k,X) → Ext
l
A(k,B)), C2 =Image(Ext
l
A(k, Y ) →
Extl+1A (k,X)), C3 =Image(Ext
l−1
A (k, Z)→ Ext
l
A(k, Y )), C4 =Image(Ext
l
A(k, V )→
ExtlA(k, Z)). By virtue of 2.7 U is finitely generated bigraded T -module, and hence
X and Z are so. This implies that ExtlA(k,X)), Ext
l+1
A (k,X)), Ext
l−1
A (k, Z)) and
ExtlA(k, Z)) are finitely generated bigraded T -module, and hence C1, C2, C3 and C4
are so. Now Cj is annhilated by m for j = 1, 2, 3, 4, where m is the unique maximal
ideal of A . So for j = 1, 2, 3, 4 each (Cj)(n,i) is finitely generated k-module for all
(n, i) ∈ N2. Hence as an A-module (Cj)(n,i) has finite length for all (n, i) ∈ N
2 and
j = 1, 2, 3, 4. Therefore, by applying the Hilbert-Serre Theorem to the bigraded
T -modules C1, C2, C3 and C4, we obtain
(5.2.5)
∑
n,i≥0
λA(Cj)(n,i)z
iωn =
PCj (z, ω)
(1− z2)c(1− ω)r
for j = 1, 2, 3, 4,
for some polynomials PCj (z, ω) over Z for j = 1, 2, 3, 4.
Fix n ≥ 0. Now by 2.3, B˜ =
⊕
i≥0 Bn,i =
⊕
i≥0 Ext
i
A(M,N) is finitely generated
graded T := A[t1, . . . , tc]-module and hence Ext
l
A(k, B˜) is also so. As Ext
l
A(k, B˜)
is annhilated by m, ExtlA(k,Bn,i) has finite length as A-module for each i ≥ 0.
Therefore, again by the Hilbert-Serre Theorem, we have for each fixed n ≥ 0:
∑
i≥0
λA
(
ExtlA(k,Bn,i)
)
zi =
P˜B˜(z)
(1− z2)c
for some polynomial P˜B˜(z) ∈ Z[z]. Multiplying both side of the above equation by
ωn and taking sum over n ≥ 0, we get
(5.2.6)
∑
n,i≥0
λA
(
ExtlA(k,Bn,i)
)
ziωn =
PB(z, w)
(1− z2)c(1 − w)r
,
where PB(z, w) = P˜B˜(z)(1− ω)
r−1 ∈ Z[z, ω].
Now considering 5.2.3 we have an exact sequence of A-modules:
(5.2.7) 0 −→ (C1)(n,i) −→ Ext
l
A(k,B(n,i)) −→ Ext
l
A(k, Y(n,i)) −→ (C2)(n,i) −→ 0,
for each n, i ≥ 0. So the additivity of the length function gives
λA
(
(C1)(n,i)
)
− λA
(
ExtlA(k,B(n,i))
)
+ λA
(
ExtlA(k, Y(n,i))
)
− λA
(
(C2)(n,i)
)
= 0,
for each n, i ≥ 0. Multiplying both side by ziωn, then taking sum over n, i ≥ 0,
and using 5.2.5 and 5.2.6 we obtain
(5.2.8)
∑
n,i≥0
λA
(
ExtlA(k, Y(n,i))
)
ziωn =
PY (z, w)
(1− z2)c(1− w)r
where PY (z, w) = PC2(z, ω)− PC1(z, ω) + PB(z, w) ∈ Z[z, ω].
Now considering 5.2.4 we have an exact sequence of A-modules:
(5.2.9) 0 −→ (C3)(n,i) −→ Ext
l
A(k, Y(n,i)) −→ Ext
l
A(k, V(n,i)) −→ (C4)(n,i) −→ 0
for each n, i ≥ 0. So the additivity of the length function gives
λA
(
(C3)(n,i)
)
− λA
(
ExtlA(k, Y(n,i))
)
+ λA
(
ExtlA(k, V(n,i))
)
− λA
(
(C4)(n,i)
)
= 0,
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for each n, i ≥ 0. Multipling both side by ziωn, then taking sum over n, i ≥ 0, and
using 5.2.5 and 5.2.8 we obtain
(5.2.10)
∑
n,i≥0
λA
(
ExtlA(k, V(n,i))
)
ziωn =
PV (z, w)
(1 − z2)c(1− w)r
,
where PV (z, w) = PC4(z, ω) − PC3(z, ω) + PY (z, w) ∈ Z[z, ω]. Therefore it follows
that
λA
(
ExtlA
(
k,Ext2iA (M,N/I
nN)
))
and λA
(
ExtlA
(
k,Ext2i+1A (M,N/I
nN)
))
are given by polynomial in n, i with rational coefficients for all sufficiently large
(n, i). 
Remark 5.3. By Theorem 5.2 we have for a fixed integer l and for every fixed
t = 0, 1
λA
(
ExtlA
(
k,Ext2i+tA (M,N/I
nN)
))
= f(n, i) for all (n, i)≫ 0,
where f(n, i) ∈ Q[n, i].
As
⊕
n,i≥0 Ext
l
A
(
k,Ext2i+tA (M,N/I
nN)
)
is not finitely generated over any Noe-
therian ring R, the assertion λA
(
ExtlA
(
k,Ext2i+tA (M,N/I
nN)
))
= f(n, i) for all
(n, i) ≫ 0 does not imply that either f(n, i) > 0 for (n, i) ≫ 0 or f(n, i) = 0 for
(n, i)≫ 0.
We now give
Proof of Theorem 1.2. We note that Ap is a local complete intersection ring. By
taking a completion of Ap with respect to pAp the result follows from Theorem 5.2.

Acknowledgements
The first author would like to thank UGC, MHRD, Govt. of India. for providing
financial support for this study.
References
[B79-1] M. Brodmann, Asymptotic stability of Ass(M/InM), Proc. Amer. Math. Soc. 74 (1979),
no. 1, 16-18. 1
[B79-2] M. Brodmann, The asymptotic nature of the analytic spread, Math. Proc. Cambridge
Philos. Soc. 86 (1979), no. 1, 35-39. 1
[Eis80] D. Eisenbud, Homological algebra on a complete intersection, with an application to
group representations, Trans. Amer. Math. Soc. 260 (1980), 35–64. 2
[GP] D. Ghosh and T. J. Puthenpurakal, Asymptotic prime divisors over complete intersection
rings, Math. Proc. Cambridge Philos. Soc. 160 (2016), no. 3, 423-436. Corrigendum:
Math. Proc. Cambridge Philos. Soc. 163 (2017), no. 2, 381-384 .
[Gul74] T. H. Gulliksen, A change of ring theorem with applications to Poincare´ series and
intersection multiplicity, Math. Scand. 34 (1974), 167–183. 1
[Jkv02] A. V. Jayanthan and J .K. Verma, Grothendieck-Serre formula and bigraded Cohen-
Macaulay Rees algebras, J. Algebra 254 (2002), 1–20. 2
5
[Tk] Daniel Katz and T. J. Puthenpurakal, Quasi-finite modules and asymptotic prime divi-
sors, J. Algebra 280 (2013), 18–29. 5
ASYMPTOTIC DEPTH 11
[Put13] T. J. Puthenpurakal, On the finite generation of a family of Ext modules, Pacific. J.
Math 266 (2013), 367–389. 1, 3
[Se17] T. Se, Covariant functors and asymptotic stability, J. Algebra 484 (2017), 247-264. 1
[West] E. West, Primes associated to multigraded modules, J. Algebra 271 (2004), 427–453. 4
Department of Mathematics, Indian Institute of Technology Bombay, Powai, Mumbai
400076, India
E-mail address: prov786@math.iitb.ac.in
Department of Mathematics, Indian Institute of Technology Bombay, Powai, Mumbai
400076, India
E-mail address: tputhen@math.iitb.ac.in
